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SUMMARY

Reduced basis simulations are used in order to generate turbulent inlet boundary conditions for a direct
numerical simulation of two opposing wall jets. The two entering jets are fully turbulent channel �ows
of Reynolds number 180, based on friction velocity and half channel height. The in�ow turbulence is
generated by solving dynamical equations for the large scales only, while less energetic small scales are
added randomly. The proper orthogonal decomposition method is used to identify the large scale modes
used in the basis set. Mean velocity and turbulence statistics have been reported in various planes of
the interaction region and the outwash jet. The increase in maximum turbulence energy from the inlet
jet to the stagnation region is about 500%. The spreading rate of the merged jet was found to be 0.125.
Copyright ? 2005 John Wiley & Sons, Ltd.
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1. BACKGROUND AND METHOD

Two opposing turbulent jets interacting in the presence of a wall (see Figure 1) are inves-
tigated by means of direct numerical simulations (DNS). The stagnation �ow is similar to
the fountain �ow which is set up when a �ghter plane’s twin jet is directed downwards to
hold the plane still in the air [1], or the �ow in chemical reactors where two opposing jets
are used in order to enhance the mixing [2]. The �ow has strong dynamics and is di�erent
from shear �ows in which the mean shear is the heart of the turbulence production. In stag-
nation �ows, the mean rate of normal strain is important and there is considerable streamline
curvature which results in other turbulence transport and production mechanisms than those
found in pure shear �ows. The turbulence in such �ows has been shown awkward to accurately
model [3].
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Figure 1. Sketch of �ow geometry.

Experimental studies of the outwash �ow arising from two colliding turbulent jets show
very high turbulence intensities in the stagnation region [4, 5]. Another interesting feature is
that the fountain jet has growth rates considerably larger than the growth rates found in free
planar jets [6].
In numerical simulations of turbulent �ows, there are mainly three aspects that determine

the accuracy of the simulation: the applied numerical method, the adopted turbulence model
and the prescribed boundary conditions and especially those at the in�ow boundary. Inaccurate
in�ow boundary conditions can seriously in�uence the simulation results [7, 8].
The turbulent �ow �eld at the open boundary needs to have spatial and temporal variations,

and the incoming velocity �eld should have a correct mean value, ful�l the incompressibility
constraint, have proper one- and two-point correlations and ultimately meet the momentum
equation. See Reference [9] for a short and recent review on di�erent in�ow generation
methods. The most realistic turbulent in�ow is generally achieved by performing an auxiliary
simulation which typically uses periodic boundary conditions. However, such a simulation
puts extra demands on the computational resources.
In the present study, two fully turbulent plane channel �ows of Reynolds number 180,

based on friction velocity and half channel height, enter from either sides of the domain. The
in�ow boundary conditions mimicking these two turbulent jets are produced by two reduced
simulations based on a selected set of the most energetic modes from a proper orthogonal
decomposition (POD) of a previously performed DNS of plane channel �ow.
The proper orthogonal decomposition [10] is a statistical method used to identify which de-

grees of freedom are the most active or energetic in a stochastic process, which in this case is
a turbulent �ow �eld. These modes or structures constitute a set of orthogonal basis functions
which are optimal (in comparison with any other linear basis) in terms of representing the
energy of the velocity �elds from which the POD-modes are derived. Other favourable qual-
ities of the modes are that they ful�l the incompressibility constraint and the same boundary
conditions as the velocity �eld.

Copyright ? 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1115–1122



REDUCED BASIS SIMULATIONS AS A TOOL 1117

For the plane channel �ow, which is statistically homogeneous in the x- and y-direction,
the POD modes are of the form

’qmn(x)=�
q
mn(z)e

2�i(mx=Lx+ny=Ly) (1)

in which m and n are the number of periods in the x- and y-direction and q is the vertical
quantum number indexing various wall-normal expansions. The velocity �eld at time ts can
be expressed as

u(x; ts)=
∑
mnq
aqmn(ts)’

q
mn(x) (2)

in which ’qmn(x) are the spatial basis functions and a
q
mn(ts)=

∫
u(x; ts) · ’(x)q∗mn dx are the

associated coe�cients.
The dynamical system prescribing the temporal behaviour of the coe�cients aqmn(t) is

derived by Galerkin projecting the Navier–Stokes equations on to the POD basis. In this
way, the large-scale motion produced by the dynamical system is a linear expansion of struc-
tures present in the real �ow (DNS). The basis functions comply with incompressibility which
makes the �uctuating pressure cancel out in the Galerkin projection and enables the set of
dynamical equations to be advanced in time without having to solve any Poisson equation
for the �uctuating pressure. The reduced basis set S for the present in�ow generation cor-
responds to the quantum numbers �: m= ± 1; : : : ;±Mc, n= ± 1; : : : ;±Nc and q=1; : : : ; Qc.
When m and n equal 0, q=1; : : : ; Qc;00. In the simulations used here, Mc=2, Nc=12, Qc=10
and Qc;00 = 32. The computational domain of the reduced channel simulation measures 6.28,
6.3, and 2 dimensionless length units (see next section on how variables are normalized) in
the x-, y- and z-direction, respectively. Less energetic modes, which are not included in the
basis, are randomly superimposed in order to have some energy in the small scales. These
modes are essential in order to hinder excessive growth of the large scales downstream of
the inlet [9]. The amplitudes of the modes, which are added randomly, are generated by a
random-number-generator with the distribution

f(�)=



0 �¡0
2√
2�
e−

�2

2 �¿0
(3)

In order to impose some correlation with the preceding time-step we set �new = (�new
′
+�old)=2,

where �new
′
is the random number generated at the present time-step. The amplitudes are then

set as |aqmn|= �new
√
�qm; n, where �

q
mn is estimated from the POD of the channel �ow.

The phases of temporal coe�cients with non-zero streamwise wave-number behave as
�0 +!t, where !=−2�mUbulk=Lx; red:sim: in order to imitate the propagating behaviour of these
modes [11]. The initial values �0 of the phases are set randomly.
The method has been validated in Reference [9] for a DNS and a LES of plane channel

�ows of di�erent Reynolds numbers. In Figure 2, the turbulent root-mean-square (rms) and
shear-stress pro�les downstream of a plane channel with generated velocities at the inlet are
shown. Statistical quantities such as mean velocities, turbulence intensities, energy spectra and
wall friction soon approach the fully developed level and deviate less than 5% from the fully
developed state, even very close to the inlet.
For comparisons, results where all modes are varied randomly are also shown in Figure 2. In

order to avoid much too rapid temporal variation of the large scales, a more realistic temporal
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Figure 2. Turbulence intensities and turbulent shear stress downstream of a plane channel with gen-
erated inlet velocities [9]. — dynamic and random in�ow, · · · fully random in�ow. Symbols, DNS

of fully developed channel �ow.

correlation is used, namely �new = (�old + � dt �new
′
)=(1 + � dt). Here, dt is the time-step and

�= max(m; n; q), where m, n and q are de�ned in (1).
The fully random generation also gives surprisingly good results downstream of the

inlet, even though the streamwise component and shear-stress correlation show some
decay at x=1:1. It is believed that the fully random in�ow generation method used here
is near optimal compared to other fully random methods since a lot of information from the
Navier–Stokes equations is incorporated in the POD modes. For the fully random generation,
problems are likely to appear if either the channel aspect ratio or Reynolds number is changed
from those corresponding to the �ow from which the POD modes are extracted. The reduced
basis simulations, however, are amenable to at least 50% increase in Reynolds number or
aspect ratios of the channel [12].
For the present case, the dynamical system predicting the large scale �uctuating motion has

1272 degrees of freedom (i.e. real di�erential equations) while about 105 modes representing
low energetic small scales are added randomly at each time-step. Approximately 30 min on
a single 1:2 G�ops processor were used in order to generate 45 dimensionless time units
of turbulent channel �ow. In this particular case, the computational work of integrating the
dynamical system and adding random modes is approximately the same. In order to generate
the in�ow by performing a full DNS simulation, the in-house �nite volume code would require
in the order of 102 longer time using a single processor and the direct solver.

2. GOVERNING EQUATIONS, BOUNDARY CONDITIONS AND GRID

The incompressible Navier–Stokes equations describing the dynamics of the �ow are

@U
@t
+U · ∇U =−∇P + 1

R∗
∇2U (4)

∇ ·U =0 (5)
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in which the velocity U =(U;V;W )= (Ũ ; Ṽ ; W̃ )=u∗, the time t=2t̃u∗=D̃, the pressure
P= P̃=(�̃u2∗), the position x=(x; y; z)=2(x̃; ỹ; z̃)=D̃ and the Reynolds number R∗= u∗D̃=(2�).
The tilde ˜ indicates dimensional quantities, u∗ is the friction velocity of the channel
�ow, D̃ is the inlet-channel height and � is the kinematic viscosity.
The equations are discretized using a �nite volume method approach on a staggered grid

arrangement [13]. The accuracy in space is of second-order. A fractional step method with
an explicit second-order Adams–Bashforth scheme is used in order to impose the continuity
constraint while advancing in time.
The pressure gradient is put to zero at the ‘channel boundary’ where the velocities are given

by the in�ow generator. At the wall, the usual no-slip boundary condition is speci�ed. In the
spanwise direction, periodic boundary conditions are used. The pressure on the open boundary
is set to zero. On the left and right open boundary, normal gradients of the velocities are set
to zero while on the top boundary convective boundary conditions [14] are used. Tangential
velocities are set to zero if there is entrainment of �uid, i.e. inwards normal velocity, on the
open boundary in order to mimic quiet surroundings. On the open boundary, the normalized
entrainment velocity is not allowed to be larger than 1.
The computational domain has length 2L=20, width 6.3 and height D+H =16. The length

in x-direction 2L is chosen su�ciently large such that the incoming jets do not experience
an adverse pressure gradient when entering the domain. The spanwise width is set such that
two-point correlations satisfactorily approach zero within a separation of half the spanwise
width. The height of the domain was put equal to 16 and was limited by available computa-
tional resources. In total, 448× 192× 448 grid points are used in the x-, y- and z-direction,
respectively. The grid is equidistant in the spanwise y-direction. In the wall normal z-direction
the grid is stretched. The �rst pressure point is placed 0.9 wall units (z+ = z̃u∗=�) from the
wall. From here, constant stretching of 1% is used until z=2 where �z+ =5:1. From there
to the top boundary, the grid is further stretched. In x-direction, the grid is equidistant in the
centre region −3:76x63:7 and here the grid spacing is 5.9 wall units. From x= ±3:7 to the
left/right boundary, constant stretching is used.
In order to check if this grid resolution was su�cient, a second simulation was performed

on the same computational domain, but with 288 × 128 × 288 grid points in the x-, y- and
z-direction, respectively. This amounts to approximately one-fourth of the number of grid
points used in the �ne simulation. Since the mean velocities and the rms-pro�les from the
two simulations are nearly identical, it is believed that the �ne grid resolution is adequate.
The �ow con�guration is invariant under re�ection across the yz-plane and the xz-plane,

180◦ rotation about the z-axis and translation in y-direction. All variables presented here are
averaged over these symmetries as well as in time. This average is denoted by 〈 〉. In total,
1350 velocity samples were gathered over 27 dimensionless time units.

3. RESULTS AND CONCLUDING REMARKS

In Figure 3(a)–(c) the mean velocities 〈U 〉 and 〈W 〉 and the mean pressure 〈P〉 are re-
ported. The channel �ow enters at x=−10, meets the stagnation pressure and is redirected
into the z-direction where it unites with the counter �owing jet. Immediately after the inlet,
there is a negative pressure gradient typical to channel �ow, but at x≈ ± 9:5 a very strong
adverse pressure gradient begins. The wall friction (Figure 3(a)) is rapidly reduced and at
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Figure 3. Mean velocity in x- and z-direction and mean pressure, 〈U 〉, 〈W 〉 and 〈P〉.
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Figure 4. Turbulent shear-stress and turbulent kinetic energy, 〈uw〉 and k.

approximately x≈ −6, a separation bubble is formed in the stagnation region. The single out-
wash jet shows indication of a linear growth rate before it leaves the domain, although the
development section is too short to verify a similarity solution.
Figure 4(a) and (b) report the turbulent shear-stress and the turbulent kinetic energy. The

U velocity entering the domain has strong shear both towards the wall and at z=2. Around
z=2, the growth of the shear-stress correlation 〈uw〉 and turbulence production become con-
siderably larger than towards the wall where the wall-normal component is blocked. In the
stagnation region, the positive @〈W 〉=@z gradient gives negative production for the wall-normal
Reynolds stress 〈ww〉. However, the positive production of 〈uu〉 is larger, assuring a posi-
tive production of k. Negative production in some components might indicate that at least
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Figure 5. Mean velocity 〈W 〉, turbulent shear-stress 〈uw〉 and rms-pro�les in various cross sections of
the merged jet. — DNS current study, ◦ [6], � [5], × [4].
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Figure 6. Growth of merged jet half width b as a function of z.

k–� turbulence models may overestimate the turbulence level since they only predict positive
production. Further up in the outwash jet the typical shear-stress pro�le of a planar jet is
seen.
In Figure 4(c)–(f) pro�les of k are shown at 4 di�erent x positions. At x=−10 the typical

channel �ow pro�le is seen. The turbulence energy rapidly increases towards the merged
jet’s centreline at x=0, where the maximum kinetic energy appears at z≈ 4. The increase in
maximum energy level is about 500% compared to the maximum level in the channel pro�le
and the turbulence intensity (=

√
k=W ) is about 60%. The rapid increase in turbulence energy

shows that the production mechanisms are present in the inlet turbulence. If not realistic
turbulence is given as boundary conditions, the energy has a tendency to decrease before the
turbulence reorganizes, becomes self-sustained and can start to grow again (see Figure 2 and
also References [7, 8]).
Figure 5 shows mean velocity 〈W 〉, rms-pro�les and turbulent shear-stress 〈uw〉 of the

merged jet. The results are compared with experimental data from two opposing curved wall
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jets [5] and two opposing plane wall jets [4]. Considering the dissimilarities of the colliding
�ows, the level of turbulence intensities after interaction is remarkably similar. However,
signi�cant deviations are present in the turbulent shear-stress at z=7. At z=14, the turbulence
intensities of the DNS have the same magnitude as the intensities of the self-similar plane
jet [6]. Figure 6 shows b as a function of z. Here, b is the x position where the merged jet
mean velocity 〈W 〉 is half the centreline velocity. The growth rate db=dz is found to be 0.125,
which is less than the value of 0.15 reported in Reference [5] and the value of approximately
0.2 found in Reference [4]. The reason might be that the boundary conditions used here are
very regular such that �apping of the jet is not easily triggered.
In this study, reduced basis simulations are used to generate boundary conditions corre-

sponding to turbulent plane channel �ow. However, we believe that the method, with some
manipulation of the channel POD modes, can be used for generating boundary conditions for
a turbulent boundary layer as well.
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